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Abstract
The extraction of information from a source containing term-classified objects is plagued
with uncertainty, due, among other things, to the possible incompleteness of the source index.
To overcome this incompleteness, the study proposes to extend the index of the source, in a way
that is as reasonable as possible with respect to the original classification of objects. By equating
reasonableness with logical implication, the sought expansion turns out to be an explanation of
the index, captured by abduction. We study the general problem of query evaluation on the
extended information source, providing a polynomial time algorithm which tackles the general
case, in which no hypothesis is made on the structure of the taxonomy. We then specialize
the algorithm for two well-know structures: DAGs and trees, showing that each specialization
results in a more efficient query evaluation.
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Introduction

Taxonomies is probably the oldest and most widely used conceptual modeling tool. Nevertheless,
it is a powerful tool still used is in Web directories (e.g. in Google and Yahoo!), Content Management (hierarchical structures are used frequently to classify documents), Web Services (services
are typically classified in a hierarchical form), Marketplaces (goods are classified in hierarchical
catalogs), Personal File Systems, Personal Bookmarks for the Web, Libraries (e.g. Thesauri [10])
and in very large collections of objects (e.g. see [19]). Although more sophisticated conceptual
models (including concepts, attributes, relations and axioms) have emerged and are recently employed even for meta-tagging in the Web [12, 24], almost all of them have a backbone consisting
of a subsumption hierarchy, i.e. a taxonomy. Furthermore, the design of taxonomies can be done
more systematically if done following a faceted approach (e.g. see [18, 17]) and thanks to techniques
that have emerged recently [20], taxonomies of compound terms can be also defined in a flexible
and systematic manner. Moreover, the advantages of the taxonomy-based conceptual modeling
approach for building large scale P2P systems that support semantic-based retrieval services have
been analyzed and reported in [23, 22].
The extraction of information from an information source (hereafter, IS) containing term-classified
objects is plagued with uncertainty. From the one hand, the indexing of objects, that is the assignment of a set of terms to each object, presents many difficulties, whether it is performed manually
by some expert or automatically by a computer programme. In the former case, subjectivity may
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play a negative role (e.g. see [25]); in the latter case, automatic classification methods may at best
produce approximations. On the other hand, the query formulation process, being linguistic in
nature, would require perfect attuning of the system and the user language, an assumption that
simply does not hold in open settings such as the Web.
A collection of textual documents accessed by users via natural language queries is clearly a kind
of IS, where documents play the role of objects and words play the role of terms. In this context,
the above mentioned uncertainty is typically dealt with in a quantitative way, i.e. by means of
numerical methods: in a document index, each term is assigned a weight, expressing the extent to
which the document is deemed to be about the term. The same treatment is applied to each user
query, producing an index of the query which is a formal representation of the user information
need of the same kind as that of each document. Document and query term indexes are then
matched against each other in order to estimate the relevance of the document to a query (e.g. see
[1]).
In the present study, we take a different approach, and deal with uncertainty in a qualitative way.
We view an IS as an agent, operating according to an open world philosophy. The agent knows
some facts, but it does not interpret these facts as the only ones that hold; the agent is somewhat
aware that there could be other facts, compatible with the known ones, that might hold as well,
although they are not captured for lack of knowledge. These facts are, indeed, possibilities. One
way of defining precisely in logical terms the notion of possibility, is to equate it with the notion
of explanation. That is, the set of terms associated to an object is viewed as a manifestation of a
phenomenon, the indexing process, for which we wish to find an explanation, justifying why the
index itself has come to be the way it is. In logic, the reasoning required to infer explanations from
given theory and observations, is known as abduction. We will therefore resort to abduction in order
to define precisely the possibilities that we want our system to be able to handle. In particular, we
will define an operation that extends an IS by adding to it a set (term, object) pairs capturing the
sought possibilities, and then study the property of this operation from a mathematical point of
view. The introduced operation can be used also for ordering query answers using a possibility-based
measure of relevance.
One could say that the IS’s we assume resemble those Information Retrieval Systems (IRSs) which
employ the boolean retrieval model (see [1] for a review) and exploit lexical ontologies or wordbased thesauri [10] (like WordNet [3] and Roget’s thesaurus) for query expansion, i.e. for expanding
queries with synonyms, hyponyms and related terms in order to improve recall (e.g. see [16], [13],
[14], [9]). However note that the IRS techniques are applicable only if the objects of the domain
have a textual content (this is not a prerequisite of our approach). Another remarkable difference
with our sources is that the taxonomies employed by IRSs usually do not accept the semantic
interpretation that we describe in this paper. Lexical ontologies like WordNet [3] are structured
using lexical relations (synonymy, hyponymy, antonymy) which are not semantic relations. For
instance, according to Wordnet, window is subsumed by opening and by panel. However, every
window is not a panel and an opening, thus extensional subsumption does not hold here (for more
about this problem see [8]).
The paper is structured as follows. Next Section introduces the basic notion of the study, that of
an information source, as well as the mechanism of query-based information extraction. Section 3
contains the main technical developments: it presents the extension of an information source by
means of an abduction-based operator, as well as sound and complete algorithms to achieve this
extension. The complexity of query evaluation on extended information sources is also derived.
Section 4 studies the process of iterating the extension operator from a mathematical point of
view, showing convergence to a fixed point. In Section 5, two important types of information
sources are studied, namely those whose taxonomy is shaped as a DAG (named hierarchical) and
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T = {a, b, c, d, e, f, g, w, x, y, z}
K = {c → x, x → y, x → z, d → x, d → e,
e → z, e → g, e → f, f → e, a → w,
a → b, b → a}
Obj = {1}
I = {(x, 1), (w, 1)}
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Figure 1: An information source
as a tree, respectively. It is shown that query evaluation on an extended information sources is
more tractable for these two classes of information sources. Finally, Sections 6 and 7 elaborate on
further applications of the framework previously developed. Specifically, Section 6 shows how to
use abduction to rank the results of a query, while Section 7 discusses several applications of the
extensions operator.
A preliminary, short version of this work has been reported in [15].
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Information Sources

An information source consists of two basic elements: a taxonomy and a structure on it.
Definition 1: An information source (IS) S is a pair S = (O, U ) where
– O, the taxonomy, is a pair O = (T, K) where T is a finite set of symbols, called the terms
of the taxonomy, and K is a finite set of conditionals on T, i.e. formulas of the form p → q
where p and q are different terms of the taxonomy;
– U is a structure on O, that is a pair U = (Obj, I) where Obj is a countable set of objects,
called the domain of the structure, and I is a finite relation from T to Obj, that is I ⊆ T ×Obj.
K is called the knowledge base of the taxonomy, while I is called the interpretation of the structure.
2
As customary, we will treat the relation I as a function from terms to sets of objects and, where
t is a term in T, sometimes write I(t) to denote the set I(t) = {o ∈ Obj | (t, o) ∈ I}. We will call
I(t) the extension of term t. Dually, given an object o ∈ Obj, the index of o in S, indS (o), is given
by the set of terms which have o in their extension:
indS (o) = {t ∈ T | (t, o) ∈ I}.
Finally, the context of o in S, CS (o), is defined as: CS (o) = indS (o) ∪ K. For any object o, CS (o)
consists of terms and simple conditionals that collectively form all the knowledge about o that S
has.
Example 1:
Throughout the paper, we will use as an example the IS S = ((T, K), (Obj, I))
given in the righthand side of Figure 1. The lefthand side of the Figure graphically illustrates the
taxonomy of S and its interpretation, by showing in boldface the terms in the index of the only
object, i.e., indS (1) = {x, w}.
2
In this study, we focus on ISs which satisfy an intuitive minimality criterion. In order to introduce
this criterion and keep the paper self-contained, a few basic notions from propositional logic [6]
3

are now recalled. Given a set of propositional variables P, a truth assignment for P is a function
mapping P to the true and false truth values, respectively denoted by T and F. A truth assignment
V satisfies a sentence σ of the propositional calculus (PC), V |= σ, if σ is true in V, according to the
classical truth valuation rules of PC. A set of sentences Σ logically implies the sentence α, Σ |= α,
iff every truth assignment which satisfies every sentence in Σ also satisfies α.
The instance set of an object o in an IS S, denoted as NS (o), is the set of terms that are logically
implied by the context of o in S
NS (o) = {t ∈ T | CS (o) |= t}.
For each term t in NS (o), we will say that o is an instance of t. Clearly, indS (o) ⊆ NS (o), therefore
o is an instance of each term in indS (o).
Definition 2: The index of an object o in an IS S, indS (o), is non-redundant iff
A ⊂ indS (o) implies {v ∈ T | A ∪ K |= v} ⊂ NS (o).
An IS is non-redundant if all its indices are non-redundant.
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In practice, the index of an object is non-redundant if no term in it can be removed without
loss of information. It can be easily verified that the IS introduced in the previous example is
non-redundant. From now on, we will consider “IS” as a synonym of “non-redundant IS”.

2.1

Querying Information Sources

We next introduce the query language for extracting information from an IS in the traditional
question-answering way.
Definition 3: Given a taxonomy O = (T, K), the query language for O, LO , is defined by the
following grammar, where t is a term in T :
q ::= t | q ∧ q 0 | q ∨ q 0 | ¬q | (q)
Any expression in LO is termed a query.

2

The answer to queries is defined in terms of satisfaction in the model of an object context, the truth
model, realizing a closed-world reading of an IS.
Definition 4: Given an IS S = (O, U ), for every object o ∈ Obj, the truth model of o in S, Vo,S ,
is the truth assignment for T defined as follows, for each term t ∈ T :
(

Vo,S (t) =

T if CS (o) |= t
F otherwise

Given a query ϕ in LO , the answer of ϕ in S is the set of objects whose truth model satisfies the
query:
ans(ϕ, S) = {o ∈ Obj | Vo,S |= ϕ}.
2
In the Boolean model of information retrieval, a document is returned in response to a query if the
index of the document satisfies the query. Thus, the above definition extends Boolean retrieval by
considering also the knowledge base in the retrieval process.
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Table I: The truth model of object 1 in the information source S
Example 2: Table I shows the truth model of object 1 in the IS introduced in Example 1. The
answer to the query z in the same IS, ans(z, S), consists of object 1, since V1,S (z) = T. Instead,
ans(c, S) = ans(a, S) = ∅.
2
Following Definition 4, query evaluation requires the computation of the truth model of each object
o, which in turn requires deciding whether each query term is logically implied by the object context
CS (o). Computing propositional logical implication is in general a difficult task. However, the
specific form of the propositional theories considered in this study, makes this computation much
simpler, as the remainder of this Section shows. In order to devise an efficient query evaluation
procedure, we will resort to graph theoretic concepts.
The term graph of a taxonomy O is the directed graph GO = (T, E), such that (t, t0 ) ∈ E iff t → t0
is in K. Figure 1 shows indeed the term graph of the example IS. For simplicity, we will use “term”
also to refer to a vertex of the term graph. The tail of a term t in GO , tail(t), is the set of terms
that can be reached from t by walking the graph edges backward, that is:
tail(t) = {u ∈ T | there exists a path from u to t in GO }
Proposition 1: For all ISs S and queries ϕ ∈ LO , ans(ϕ, S) = αS (ϕ), where αS is the solver of
the IS S, defined as follows:
αS (t) =

[

{I(u) | u ∈ tail(t)}

0

αS (q ∧ q ) = αS (q) ∩ αS (q 0 )
αS (q ∨ q 0 ) = αS (q) ∪ αS (q 0 )
αS (¬q) = Obj \ αS (q)
Proof: By structural induction on the query ϕ. But we first need to establish the following:
Lemma 1:
Given an IS S, a set of terms A ⊆ T and a term t ∈ T, A ∪ K |= t iff
there is a path in GO from a letter in A to t.
Proof: (→) By induction on the length l of the path. For l = 0, the path is (t, t) which
means that t ∈ A, so A |= t and by the monotonicity of |=, A ∪ K |= t. Suppose the
Proposition holds for l = k > 0. Let hu1 , . . . , uk , ti be a path in GO with u1 ∈ A, and
M be a model of A ∪ K. By definition of GO , uk → t is in K. Since M is a model of
A ∪ K and by the induction hypothesis, M (uk ) = T, it follows that M (t) = T. Hence
M is a model of t, so A ∪ K |= t.
(←) Suppose A ∪ K |= t yet GO contains no path from a letter in A to t. Let M be the
interpretation defined as follows:
(

M (v) =

T if there is a path from a letter in A to v in GO
F otherwise

By definition, any letter in A is T in M, so M is a model of A. Let p → q be a conditional
in K. If M (p) is F, then the conditional is true in M. If, on the other hand, M (p) = T,
then there is a path from a letter u in A to p; since GO contains the edge (p, q), the
path from u to p can be extended to q, and by definition M (q) = T. Also in this case
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M satisfies the conditional. So M also satisfies every conditional in K, hence M is a
model of A ∪ K. Since A ∪ K |= t, M is also a model of t, that is M (t) = T. However,
by construction, M (t) = F, a contradiction.
2
Case ϕ = t. By definition, ans(t, S) = {o ∈ Obj | Vo,S |= t}. Vo,S |= t iff CS (o) |= t iff indS (o)∪K |=
t iff (by the previous Lemma) there is a path in GO from a letter u ∈ indS (o) to t, which is the same
to say that o ∈ I(u) for some u ∈ tail(t). So, ans(t, S) = {o ∈ Obj | ∃u ∈ tail(t) such that o ∈ I(u)},
therefore
ans(o, S) = ∪{I(u) | u ∈ tail(t)}.
Case ϕ = q ∧ q 0 . ans(q ∧ q 0 , S) = {o ∈ Obj | Vo,S |= q ∧ q 0 } = {o ∈ Obj | Vo,S |= q and Vo,S |= q 0 }
= {o ∈ Obj | Vo,S |= q} ∩ {o ∈ Obj | Vo,S |= q 0 } = ans(q, S) ∩ ans(q 0 , S).
2
The other cases are analogous.
Example 3: In the IS previously introduced, the term z can be reached in the term graph by each
of the following terms: z, x, d, e, f. Hence, tail(z) = {z, x, d, e, f}. According to the last Proposition,
then: ans(z, S) = αS (z) = I(z) ∪ I(x) ∪ I(d) ∪ I(e) ∪ I(f) = {1}.
2
Proposition 2: αS (t) can be computed in O(|T | · |Obj| · log |Obj|) time.
Proof: From the last Proposition, computing αS (t) requires the following steps: (a) to derive tail(t)
by searching the term graph in order to identify every vertex that is backward reachable from t;
(b) to access the extension of each term in tail(t); and (c) to compute the union of the involved
extensions. The time complexity of step (a) is |T |2 , corresponding to the case in which every term
is backward reachable from t in the term graph. We assume that step (b) can be performed in
constant time, which is negligible with respect to the other values at stake. Let us now consider
step (c). By adopting a merge-sort strategy, the union between two extensions can be performed
in n log n time in the size of the input. Since in the worst case the union of |T | extensions must
be computed, and each extension is the whole set Obj, we have a O(|T | · |Obj| · log |Obj|) time
complexity for step (c). Overall, the upper bound for evaluating single-term queries is therefore
O(|T |2 + |T | · |Obj| · log |Obj|). Since the size of the domain is expected to be significantly larger
than the size of the terminology, the sought upper bound for singles-term queries evaluation is
O(|T | · |Obj| · log |Obj|).
2

3

Extended Information Sources

Let us suppose that a user has issued a query against an IS and is not satisfied with the answer,
as the answer does not contain objects that are relevant to the user information need. Further, let
us assume that the user is not willing to replace the current query with another one, for instance
because of lack of knowledge on the available language or taxonomy. In this type of situation,
database systems offer practically no support, as they are based on the assumption that users can
always articulate their information need in the form of a query. In an information retrieval setting a
user in the above described situation could use relevance feedback to pinpoint interesting (relevant)
or uninteresting objects among those returned by the system, and ask the system to re-evaluate the
query taking into account this information; but what if all the displayed objects are not relevant?
Assuming that the IS indeed contains relevant objects, the user’s disappointment could be due to a
linguistic mismatch between the user and the indexer. That is, the latter attributes to the IS terms
a different meaning, or a different usage, than the former, and, as a result, object classification is
inconsistent with the user expectation. For instance, in the IS introduced in Example 1, what the
user would call an x, the system calls a z. Maybe the concept of an x is vague, and in presence of
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a borderline case the user would take a liberal approach, and classify it as an x, while the system
could show a more conservative attitude and classify it as z.
On the other hand, even if the user and the indexer were attuned to the same language, a situation
as the one described above could occur due to a mistake of the indexer, who failed to recognize
an object as, e.g. an x. Or, x and z have been created to refine a previously existing term t, and
in distributing t’s extension to x and z something went wrong. Given the widespread usage of
automatic indexers based on statistical techniques, these cases would not seem very unlikely to
occur. Or, there could be operational misbehavior: for instance, the term x could have been added
to the system in the recent past, and it is not yet fully exploited in the index of the IS.
In all these, and probably other, cases, the index of the IS suffers from incompleteness: it contains
correct information, but at least in some cases not all the correct information. In other words,
there are other facts, compatible with the known ones, which hold as well, although they are not
captured for lack of knowledge.
To overcome this lack of knowledge, the idea is to relax the index, by expanding it, in a way that
is as reasonable as possible with respect to the original classification of objects. But what could
be a reasonable expansion? By reasonable expansion we mean a logically grounded expansion, that
is an expansion that logically implies the index as it has been created in the first place. Then,
the expansion we are talking about is in fact a logical explanation of the index. The most general
form of explanation in logic is abduction, seen as the generation of causes to explain the observed
effects of known laws. In our case, the known laws are the sentences of the IS knowledge base,
the observed effects are contents of the index, while the cause is the sought index expansion. We
will therefore resort to abduction in order to define precisely the expansion that would address the
incompleteness of the index.

3.1

Propositional abduction problems

The model of abduction that we adopt is the one presented in [5], now briefly recalled for selfcontainedness. Let LV be the language of propositional logic over a finite alphabet V of propositional variables. A propositional abduction problem is a tuple A = hV, H, M, T hi, where H ⊆ V is
the set of hypotheses, M ⊆ V is the manifestation, and T h ⊆ LV is a consistent theory. S ⊆ H is
a solution (or explanation) for A iff T h ∪ S is consistent and T h ∪ S |= M. Sol(A) denotes the set
of the solutions to A.
In the context of an IS S, we will consider each object separately. Thus,
– the terms in T play both the role of the propositional variables V and of the hypotheses H,
as there is no reason to exclude apriori any term from an explanation;
– the knowledge base K plays the role of the theory T h;
– the role of manifestation is played by the index of the object.
Consequently, we have the following:
Definition 5: Given an IS S = (O, U ) and object o ∈ Obj, the propositional abduction problem
for o in S, AS (o), is the propositional abduction problem AS (o) = hT, T, indS (o), Ki.
2
The solutions to AS (o) are given by:
Sol(AS (o)) = {A ⊆ T | K ∪ A |= indS (o)}
where the consistency requirement on K ∪ A has been omitted since for no knowledge base K and
set of terms A, K ∪ A can be inconsistent. Usually, certain explanations are preferable to others, a
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fact that is formalized in [5] by defining a preference relation ¹ over Sol(A). Letting a ≺ b stand
for a ¹ b and b 6¹ a, the set of preferred solutions is given by:
Sol¹ (A) = {S ∈ Sol(A) | 6 ∃S 0 ∈ Sol(A) : S 0 ≺ S}.
Also in the present context a preference relation is desirable, satisfying criteria that reflect the goals
of our framework. Here are these criteria, in order of decreasing importance:
1. explanations including only terms in the manifestation are less preferable, as they do not
provide any additional information;
2. explanations altering the behavior of the IS to a minimal extent are preferable; this requirement acts in the opposite direction of the previous one, by making preferable solutions that,
if incorporated in the IS, minimize the differences in behavior between the so extended IS
and the original one;
3. between two explanations that alter the behavior of the IS equally, the simpler one is to be
preferred. As explanations are sets, it is natural to equate simplicity with smallness in size.
All the above criteria can be expressed in terms of the effects produced by the extension of an IS.
In order to indicate these effects, we will use the term “perturbation”, defined next.
Definition 6: Given an IS S = (O, U ), an object o ∈ Obj and a set of terms A ⊆ T, the
perturbation of A on S with respect to o, perto (A) is given by:
perto (A) = {t ∈ T | (CS (o) ∪ A) |= t and CS (o) 6|= t}
that is the set of additional terms in the instance set of o once the index of o is extended with the
terms in A.
2
We can now define the preference relation over solutions of the above stated abduction problem.
Definition 7:
Given an IS S = (O, U ), an object o ∈ Obj and two solutions A and A0 to the
problem AS (o), A ¹ A0 if either of the following holds:
1. perto (A0 ) = ∅
2. 0 < |perto (A)| < |perto (A0 )|
3. 0 < |perto (A)| = |perto (A0 )| and A ⊆ A0 .

2

The strict correspondence between the clauses in the last Definition and the criteria previously set
for the preference relation should be evident. Solutions having an empty perturbation are obviously
subsets of the instance set of the object, therefore the first condition of the last Definition captures
the first of the three criteria. The second condition establishes preference for solutions that minimize
the number of terms that change their truth value from F to T in the truth model of the object,
and thus alter the behavior of the IS with respect to query answering to a minimal extent. Between
two solutions producing the same alteration, the third condition makes preferable the smaller in
size, and so simplicity, criterion number three, is implemented.
We now introduce the notion of extension of an IS. The idea is that an extended IS (EIS for short)
includes, for each object, the terms of the original index plus those added through the abduction
process illustrated above. However, in so doing, non-redundancy may be compromised, since no
constraint is posed on the solutions of the abduction problem in order to avoid it. There can be two
sources of redundancy when extending a non-redundant index with the solutions to an abduction
problem:
8

1. As it will be shown later (Proposition 0), a solution to an abduction problem may contain
taxonomical cycles, and including a whole cycle in the index of an object clearly violates
non-redundancy (all terms in the cycle but one can be removed without losing information).
2. A term in a solution may be a direct descendant of a term in the index. The coexistence of
these two terms in the new index violates redundancy, thus the latter can be added only if
the former is removed.
In order to cope with the former problem, we introduce the operator ρ, which takes as input a set
of terms and replaces each cycle occurring in it by any term in the cycle. In order to cope with the
latter problem, we introduce a special union operator t which takes as input two interpretations
and adds each pair (t, o) of the second interpretation to the first interpretation after removing any
pair (u, o) in the first interpretation such that t → u ∈ K. Formally,
I1 t I2 = I2 ∪ {(t, o) ∈ I1 | for no pair (v, o) ∈ I2 , v → t ∈ K}.
Definition 8:
is given by:

Given an IS S = (O, U ) and an object o ∈ Obj, the abduced index of o, abindS (o),
abindS (o) =

[

Sol¹ (AS (o)) \ indS (o).

The abduced interpretation of S, I + , is given by
I + = I t {ht, oi | o ∈ Obj and t ∈ ρ(abindS (o))}.
Finally, the extended IS, S e , is given by S e = (O, U e ) where U e = (Obj, I + ).

3.2

2

Querying extended information sources

A key role in solving propositional abduction problems is played by single-letter solutions (SLSs,
for short) introduced next.
Definition 9: Given an IS S, an object o and a term t ∈ T \ NS (o), the single-letter solution of
t is the set µ(t) given by:
µ(t) = {t} ∪ (indS (o) \ σ(t))
where σ(t) = {u ∈ T | there is a path in GO from t to u}.

2

The next Lemma states some useful properties of SLSs.
Lemma 2:

For any IS S, object o ∈ Obj and term t ∈ T :

1. µ(t) is a solution to AS (o)
2. perto (µ(t)) = σ(t) \ NS (o)
3. if t 6∈ NS (o), µ(t) has the smallest perturbation among the solutions to AS (o) including t
4. for any letter v ∈ T \ NS (o), {v} ∪ K |= t implies perto (µ(t)) ⊆ perto (µ(v)).
Proof: (1) By definition of |=, (indS (o) \ σ(t)) |= (indS (o) \ σ(t)). By Lemma 1 and the definition
of σ(t), {t} ∪ K |= σ(t). By combining the last two relationships, we have:
(indS (o) \ σ(t)) ∪ {t} ∪ K |= (indS (o) \ σ(t)) ∪ σ(t) ⊇ indS (o).
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t
a
b
c
d
e
f
g

σ(t)
{w, a, b}
{w, a, b}
{c, y}
{d, x, y, z, e, f, g}
{e, f, z, g}
{f, e, z, g}
{g}

µ(t)
{a, x}
{b, x}
{c, x, w}
{d, w}
{e, x, w}
{f, x, w}
{g, x, w}

perto (µ(t))
{a, b}
{a, b}
{c}
{d, e, f, g}
{e, f, g}
{e, f, g}
{g}

Table II: The single-letter solutions of AS (1) and their perturbations
Hence µ(t) ∪ K |= indS (o), and therefore µ(t) ∈ Sol(AS (o)).
(2) We have:
perto (µ(t)) = {u ∈ T | (CS (o) ∪ µ(t)) |= u and CS (o) 6|= u}
= {u ∈ T | (indS (o) ∪ K ∪ {t} ∪ (indS (o) \ σ(t)) |= u} \ NS (o)
= {u ∈ T | (indS (o) ∪ K ∪ {t}) |= u} \ NS (o)
= {u ∈ T | (K ∪ {t}) |= u} \ NS (o)
= σ(t) \ NS (o)
(3) Let A ∈ Sol(AS (o)), A 6= µ(t), such that t ∈ A. It follows that {t} ⊆ A. We must prove
that perto (µ(t)) ⊆ perto (A). It can be verified that, for any set of terms X ⊆ T, perto (X) =
perto (X \ NS (o)), and that perto is monotonic in T \ NS (o), that is A, A0 ⊆ T \ NS (o) and A ⊆ A0
imply perto (A) ⊆ perto (A0 ). Putting all together,
perto (µ(t)) = perto (µ(t) \ NS (o)) = perto ({t}) ⊆ perto (A)
(4) There can be two cases: (1) t ∈ NS (o). Then, perto (µ(t)) = ∅ ⊆ perto (µ(v)). (2) t 6∈ NS (o).
Then, by the hypothesis, t ∈ σ(v), therefore σ(t) ⊆ σ(v). It follows σ(t) \ NS (o) ⊆ σ(v) \ NS (o), so
by the monotonicity of perto in T \ NS (o), perto (µ(t)) ⊆ perto (µ(v)).
2
Example 4: Let us consider again the IS S introduced in Example 1, and the problem AS (1).
The manifestation is given by indS (1) = {w, x} while NS (1) = {x, y, z, w}. Table II gives, for each
term in T \ NS (1), the σ value, the single-letter solution and its perturbation.
2
We can now state the main result on query answering in EIS.
Proposition 3:

For all ISs S and terms t ∈ T,
ans(t, S e ) = αS e (t) = αS (t) ∪ {o ∈ Obj | t ∈ abindS (o)}.

Proof: By definition, ans(t, S e ) = {o ∈ Obj | Vo,S e |= t}. Vo,S e |= t iff CS e (o) |= t iff indS e (o)∪K |= t
iff {t ∈ T | (t, o) ∈ I + } ∪ K |= t iff {t ∈ T | (t, o) ∈ I or t ∈ abindS (o)} ∪ K |= t iff indS (o) ∪
abindS (o) ∪ K |= t. Hence, ans(t, S e ) = {o ∈ Obj | indS (o) ∪ K |= t} ∪ {o ∈ Obj | abindS (o) ∪ K |=
t} = αS (t) ∪ {o ∈ Obj | abindS (o) ∪ K |= t}. We now prove that
αS (t) ∪ {o ∈ Obj | abindS (o) ∪ K |= t} = αS (t) ∪ {o ∈ Obj | t ∈ abindS (o)}.
We first show that the lefthand side is contained in the righthand side. This is obvious if o ∈ αS (t).
Let o be such that abindS (o) ∪ K |= t. By Lemma 1, for some term v ∈ T, v ∈ abindS (o) and there
exists a path in GO from v to t. If v = t, then t ∈ abindS (o) and the Lemma holds. Now let us
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Figure 2: An extended information source
suppose v 6= t. There can be two cases: (1) v ∈ NS (o). By definition and Lemma 1, there exists a
path in GO from a letter w ∈ indS (o) to v. But then there is a path in GO from w to t, and by
the same Lemma, indS (o) ∪ K |= t. This implies o ∈ αS (t). (2) v 6∈ NS (o). If t ∈ NS (o), o ∈ αS (t),
so let us assume t 6∈ NS (o). Since v ∈ abindS (o), by Lemma 2.(3) µ(v) ∈ Sol¹ (AS (o)), hence
|perto (µ(v))| ≤ |perto (µ(t))|. Since {v} ∪ K |= t, by Lemma 2.(4) |perto (µ(v))| ≥ |perto (µ(t))|. It
follows that |perto (µ(v))| = |perto (µ(t))| and therefore µ(t) ∈ Sol¹ (AS (o)) too. By definition of
abindS (o) and since t 6∈ NS (o), t ∈ abindS (o).
We now show that the righthand side is contained in the lefthand side. Again, this is obvious if
o ∈ αS (t). Let o be such that t ∈ abindS (o). Then, abindS (o) |= t. By the monotonicity of |=,
abindS (o) ∪ K |= t.
2
The last Proposition indicates that, in order to answer queries against an EIS, one needs to compute
the set
β(t) = {o ∈ Obj | t ∈ abindS (o)}.
The properties of SLSs stated in Lemma 2 allows us to derive abindS (o) for any propositional
abduction problem.
Proposition 4: Given an IS S and an object o ∈ Obj, let do be the least positive perturbation
of the solutions to AS (o), that is: do = min{|perto (A)| | A ∈ Sol(AS (o)) and perto (A) > 0}. Then
abinds (o) = {t ∈ T \ NS (o) | |σ(t) \ NS (o)| = do }
Proof: (→) We first show that the lefthand side is contained in the righthand side. By Definition
of abindS (o), t ∈ abindS (o) implies t 6∈ NS (o). Moreover, it implies that there exists a solution A in
Sol(AS (o)) containing t, such that |perto (A)| = do . By Lemma 2.(3), A = µ(t). By Lemma 2.(2),
perto (µ(t)) = σ(t) \ NS (o), hence |σ(t) \ NS (o)| = do .
(←)By Lemma 2.(1), µ(t) ∈ Sol(AS (o)). By the hypothesis |σ(t) \ NS (o)| = do and Lemma 2.(2), it
follows that perto (µ(t)) = do and therefore µ(t) ∈ Sol¹ (AS (o)). By the hypothesis t 6∈ NS (o) and
the definition of abindS (o), t ∈ abindS (o).
2
Example 5: Let us consider again the problem AS (1) of the last Example. From Table II and the
last Proposition, it follows that abindS (1) = {c, g} and that I + = I ∪ {(c, 1), (g, 1)}. The resulting
EIS is shown in Figure 2, following the same conventions used in Figure 1.
2
Proposition 4 suggests the following algorithm for computing β(t) : for each object o ∈ Obj, select
the letters u in T \ NS (o) that minimize the size of σ(u) \ NS (o). If t is amongst these letters,
o ∈ β(t), otherwise o 6∈ β(t). Procedure β1, shown in Figure 3, implements this algorithm. β1
uses beta, NS , d, ABIN D and π to compute, respectively, β(t), NS (o), the minimum size of π(u),
abindS (o) and π(u). beta is initialized to the empty set, then the main loop is entered. In it,
11

procedure β1 (S : IS ; t : term ; beta : set of objects)
1. begin
2. beta ← ∅
3. for each object o ∈ Obj in S do
4.
begin
5.
NS ← succ(indS (o))
6.
d ← |T | + 1
7.
ABIN D ← ∅
8.
for each term u ∈ T \ NS do
9.
begin
π ← succ({u}) \ NS
10.
11.
if |π| < d then
12.
begin
13.
d ← |π|
14.
ABIN D ← π
15.
end
16.
else if |π| = d then ABIN D ← ABIN D ∪ π
17.
end
18.
if t ∈ ABIN D then beta ← beta ∪ {o}
19.
end
20. end

Figure 3: The β1 procedure
for each object o ∈ Obj, β1 first computes NS (o) by the succ function. This function visits the
successors in GO of each element in the input set, and is not reported as it implements an algorithm
in elementary graph theory which can be found on any textbook. Then, d is initialized to |T | + 1,
which is greater than any value d may assume, and so is equivalent to infinite, while ABIN D is
initialized to the empty set. For each letter u ∈ T \ NS (o), β1 computes in π the set σ(u) \ NS (o)
and collects in ABIN D the letters which minimize the size of π. Finally, only if t is amongst these
letters, β1 adds o to beta. Soundness and completeness of β1 directly follow from Proposition 4,
and allows us to obtain an upper bound on the complexity of computing β(t).
Proposition 5: αS e (t) can be computed in O(|T | · |Obj|2 · log |Obj|) time.
Proof: β1 loops on Obj, and, for each object o, it first loops on T \ NS (o) (lines 8-17) and then
updates the variable beta (line 18). Let us consider the loop on T \ NS (o). In the worst case, NS (o)
is empty, so that this loop is executed |T | times. At each iteration, β1 invokes the succ function,
which visits the term graph in order to find the terms reachable from the current term. The worst
case is when the term graph is fully connected, so that, at each iteration, the number of edges to be
visited equals |T |2 , and the variable π is assigned the whole terminology. In this case, d is always
equal to |T | and the test at line 16 is always passed, except at the first iteration, when the test at
line 11 is passed. The time complexity of each iteration of the loop, different from the first, is then
given by |T |2 + |Obj| log |Obj|, and that of the entire loop is O(|T |3 + |T | · |Obj| log |Obj|). The test
on line 18 is always passed in the worst case, and every object o is inserted into beta, which grows
by one element at each iteration, until it equals Obj. By keeping β ordered, this insertion has time
complexity log k, where k is the current size of beta. It can be proved that the dominant term in
|Obj|

X

log j

j=1

is |Obj| log |Obj|, thus the overall complexity of β1 is O(|Obj| · |T |3 + |T | · |Obj|2 · log |Obj|). Since,
as already remarked, the size of the terminology is expected to be significantly smaller than that
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of the domain, the upper bound on β(t) is O(|T | · |Obj|2 · log |Obj|). By combining the fact that
αS (t) ∪ β(t) and Proposition 2 , it follows that O(|T | · |Obj|2 · log |Obj|) is also an upper bound on
αS e (t).
2
The last results establishes that query evaluation on EISs worsens complexity by a factor equals
to the size of the domain, and is consistent with the complexity results derived from propositional
abduction problems [5]. The remaining of this Section is devoted to devise a method for computing
β(t) that is in practice more efficient than the rather naive one sketched in the proof of the last
Proposition. The framework developed to this end will be useful in establishing complexity upper
bounds for special kinds of ISs (Section 5).

3.3

Minimal terminal sets

We first observe that we do not need to compute abindS (o), i.e. solve an abduction problem, for
each object o ∈ Obj. Objects having the same index give rise to the same propositional abduction
problem and therefore have the same abduced index. Then, we only need to solve an abduction
problem for each different index. Let ≈ be a binary relation on objects, defined as follows:
o ≈ o0 if and only if indS (o) = indS (o0 ).
≈ is an equivalence relation. Let [o] be the equivalence class of object o. We call each [o] a class.
The above consideration is captured in the following Proposition:
Proposition 6: For all ISs S and terms t ∈ T, β(t) = ∪{ [o] | t ∈ abindS (o)}.
Proof: For each object o0 ∈ [o], o0 ∈ β(t) iff t ∈ abindS (o0 ). But indS (o) = indS (o0 ) implies
abindS (o) = abindS (o0 ). Hence t ∈ abindS (o0 ) iff t ∈ abindS (o).
2
In the worst case, the number of classes equals the number of objects, but in the average case,
the former is expected to be much smaller than the latter, so considering classes should result in a
sensible optimization.
Another major source of inefficiency of algorithm β1 is that it loops on the set T \ NS (o). This
set can be very large, and computing the perturbation of each single-letter solution for each term
in it, may be very time consuming. Fortunately, as it will be shown soon, β(t) can be computed
by exploring only a part of the set T \ NS (o), by visiting (a subgraph of) the term graph in the
appropriate way.
Definition 10:
Given a graph G = (V, E), a terminal set in G is either a singleton {v},
where v is a vertex with no outgoing edges, or is a set of vertices {v1 , v2 , . . . , vk }, k ≥ 2, such that
E(vi ) = {vi+k 1 } for all 1 ≤ i ≤ k, where +k is sum modulo k. A terminal set A in G is minimal if
no other terminal set A0 in G exists such that |A0 | < |A|. Any element of a minimal terminal set is
called a minterm.
2
We can now state the basic result on which the method for answering queries on EIS relies. Given
a graph G = (V, E) and a set V 0 ⊆ V, the subgraph of G induced by V 0 is the graph G0 = (V 0 , E 0 ),
where E 0 = {(u, v) ∈ E | u, v ∈ V 0 }.
Proposition 7: Given an IS S, an object o and a term t ∈ T, t ∈ abindS (o) iff t is a minterm in
the subgraph GoO of the term graph GO induced by T \ NS (o).
Proof: (→) t ∈ abindS (o) implies that µ(t) has least positive perturbation. Suppose t is not a
minterm in GoO . Then there exists a term v ∈ T \ NS (o) such that (t, u) ∈ E and (u, t) 6∈ E. But
then perto (µ(v)) < perto (µ(t)), a contradiction.
(←) Let t be a minterm. There are two cases: (1) {t} is a minimal terminal set. In this case,
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Figure 4: The graph G1O
perto (µ(t)) = 1 and there cannot be a smaller positive perturbation in Sol(AS (o)); so µ(t) ∈
Sol¹ (AS (o)) and t ∈ abindS (o). (2) A = {v1 , v2 , . . . , vk } is a minimal terminal set and t = vj for
some 1 ≤ j ≤ k. It follows that p(S, oµ(v1 )) = . . . = p(S, o, ν(vk )) = k. By the minimality of A no
smaller terminal set exists. Then, for all 1 ≤ i ≤ k, µ(vi ) ∈ Sol¹ (AS (o)), hence vi ∈ abindS (o),
and in particular t ∈ abindS (o).
2
Example 6: Figure 4 shows G1O , that is the subgraph of the term graph in Figure 1 induced by
NS (1). G1O has 3 terminal sets: {g}, {c} and {a, b}, the first two of which are minimal. Therefore
abindS (1) = {c, g}.
2
The last Proposition reduces the computation of β(t) to that of the minterms in the graph GoO . In
general, GoO will have two kinds of terminal sets:
– the terminal sets in GO not involving terms in NS (o); we call these genuine terminal sets,
and
– the terminal sets created by the pruning of GO giving rise to GoO ; we call these induced
terminal sets.
We assume that the terminal sets of the term graph are computed at system start-up, then stored,
and revised every time the term graph is modified. Since they play a crucial role in answering
queries on EIS, we think this is a safe assumption, from a database point of view. Then, genuine
terminal sets are found by identifying the stored terminal sets which are free from elements in
NS (o). Induced terminal sets can be found by exploring the borders of NS (o) in GO as done by
procedure β2, presented in Figure 5.
β2 takes as input an IS S and a term t, and computes, in beta, β(t). It operates under the following
assumptions, for a given IS S,
1. the classes of S are known;
2. the components G1 , . . . , GnS of the term graph GO are known;
3. GO is represented through adjacency sets, i.e. for each term t ∈ T, Adj[t] is a set containing
all terms u such that there is an edge from t to u, i.e. (t, u) ∈ E;
4. inverse adjacency sets are also available, i.e. for each term t ∈ T, Adj −1 (t) gives the nodes
u ∈ T such that (u, t) ∈ E.
β2 uses the same variables as β1. It loops on the classes of the IS S, and for each such class [o], it
computes in NS the set NS (o) via the succ function. Then, a loop is entered on each component
Gi of the term graph GO ; within this loop, genuine terminal sets are first identified, by checking
14

procedure β2 (S : IS ; t : term ; beta : set of objects)
1. begin
2. beta ← ∅
3. for each class [o] in S do begin
4.
NS ← succ(indS (o))
5.
d ← |T | + 1
6.
ABIN D ← ∅
7.
for each component Gi = (Ti , Ei ) of GO do begin
8.
for each terminal set T S of Gi do
9.
if T S ∩ NS = ∅ then
10.
if |T S| < d then begin
11.
d ← |T S|
12.
ABIN D ← T S
13.
end
14.
else if |T S| = d then ABIN D ← ABIN D ∪ T S
15.
B←∅
16.
for each term t ∈ NS do
17.
for each term u ∈ Adj −1 [t] \ NS do
18.
if u 6∈ B then begin
19.
B ← B ∪ {u}
20.
if Adj[u] ⊆ NS then
21.
if d > 1 then begin
22.
d←1
23.
ABIN D ← {u}
24.
end
25.
else ABIN D ← ABIN D ∪ {u}
26.
else explore(hui)
27.
end
28.
end
29.
if t ∈ ABIN D then beta ← beta ∪ [o]
30.
end
31. end
procedure explore (path : sequence of terms)
1. begin
2. t ← last(path)
3. A ← Adj[t] \ NS
4. u ← get(A)
5. if |A| = 1 then
6.
if u ∈ path then
7.
if |path| < d then
8.
begin
d ← |path|
9.
ABIN D ← path
10.
11.
end
12.
else if |path| = d then ABIN D ← ABIN D ∪ path
13.
else if u 6∈ B and Adj[u] 6⊆ NS then
14.
begin
B ← B ∪ {u}
15.
explore(append(path, u))
16.
17.
end
18. end

Figure 5: The β2 and explore procedures
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each stored terminal set of the component for intersection with NS (line 9). If the terminal set T S
does not contain any term in NS , then it is a potential minimal terminal set, thus, its cardinality
is compared to the current value of d. If the former is smaller than the latter, then T S is smaller
than any terminal set found so far, therefore ABIN D is set to it, and d is set to its cardinality
(lines 11 and 12). If the cardinality of T S is the same as the current value of d, then T S is another
minimal solution according to the current d, and as such it is added to ABIN D (line 14). If neither
is the case, T S is just ignored as not minimal. β2 then proceeds to compute induced terminal sets.
To this end, it needs to visit the term graph. The set B is used to remember the terms already
visited; initially, B is empty (line 15). A loop is then entered, in which, for each term t in NS , each
predecessor u not in NS is considered (line 17). If u is not yet visited (line 18), it is inserted in B
and considered in the present iteration. There can be two cases:
1. All direct successors of u, Adj[u], are in NS (line 20). In this case, {u} is a terminal set in
GoO , which implies that the least positive perturbation do is 1. Hence, if the current value of
d is greater than 1, all solutions found so far are not minimal: d is set to 1 and ABIN D is
initialized with {u} (lines 22 and 23). If, on the other hand, the current value of d is 1, then
u is simply added to ABIN D (line 25).
2. There is some direct successors of u not in NS . In this case, u may still be a minterm, in case
it belongs to a terminal set with more than one element. In order to check whether this is the
case, the procedure explore is invoked, with the sequence consisting of just u as input (line
26).
When all the minterms of the current class have been identified, β2 checks whether t is amongst
these. If yes (line 29), then [o] is added to beta.
The procedure explore, also presented in Figure 5, takes as input a sequence path of terms outside
NS that is a path in GoO ; each element of this path, except the last one, has been found to have the
next element in path as its only successor outside NS , as required by Definition 10. The last element
in path is known to have at least one successor outside NS . path is thus a potential terminal set, and
an effective one just in case path will at some point become a cycle, consisting of elements having
exactly one successor outside NS . The procedure explore explores the graph GO in order to make
sure it detects such a terminal set, if one exists. To this end, it focuses on the last element of path,
t, which is also the first one, upon the first invocation. The variable A is assigned the successors
of t outside NS (line 3), and u is anyone of these (line 4). If t has more than one successor outside
NS , i.e. |A| > 1, it violates the condition of Definition 10requiring that each element in a terminal
set have exactly one successor, so explore is exited with no further action. If, on the other hand,
|A| = 1, then there can be two cases:
1. u is an element in path. If yes, then a cycle has been detected, and an induced terminal
set. Consequently, if the size of the cycle is smaller than the current d (line 7), all current
solutions are not minimal, so both d and ABIN D are re-initialized, respectively with the size
of path and with its elements (lines 9 and 10). If, instead, d equals the size of path, then path
is just added to ABIN D (line 11).
2. u is not already in path. In this case, u may have been already visited, i.e. u ∈ B, which
means that path cannot be a cycle, otherwise all its element would be in B. Or, being newly
discovered, u may have no successor at all, which means that it is a genuine terminal set,
or may have all successors in NS , which means that it is an induced terminal set. If it is
a genuine terminal set, then it has already been identified in the first stage of β2 and need
not be considered; if it is an induced terminal set, then, being not already visited, will be
16

identified as soon as one of its successors in NS is considered. Therefore, in all these cases
the current path is no solution, and no action needs be done. The only interesting case is if u
is not visited and has some successor outside NS . In this case, explore adds u to the visited
terms and recursively invokes itself on the current path extended with u (line 16).
Soundness and completeness of the β2 procedure directly follow form the above considerations and
from Proposition 7.

4

Iterative Extension of Information Sources

The operator ·+ extends the index of an IS based on the notion of explanation, logically captured by
abduction. Once this mechanism is in place, it is natural to envisage a more thorough exploitation
of it, for instance taking the form of an iterative application of the extension operator · + . As
an alternative, one may think of a more substantial extension, based on a less strict preferential
criterion amongst solutions to the involved abduction problem; but for the present context we will
consider only the former kind of exploitation.
Intuitively, we would expect that ·+ be a function which, applied to an interpretation, produces
an equal or a larger interpretation, the former case corresponding to the situation in which the
knowledge base of the IS does not enable to find any explanations for each object index. Technically,
this amounts to say that ·+ is a monotonic function, which is in fact the case. Then, by iterating
the ·+ operator, we expect to move from an interpretation to a larger one, until an interpretation is
reached which cannot be extended any more. Also this turns out to be true, and in order to show
it, we will model the domain of the ·+ operator as a complete partial order, and use the notion of
fixed point in order to capture interpretations that are no longer extensible.
Proposition 8: Given an IS S, let the domain of S be the set D given by D = {I ∪ A | A ∈
P(T × Obj)}. Then, ·+ is a continuous function on the complete partial order (D, ⊆).
Proof: (D, ⊆) is obviously a partial order; moreover, it has I as least element, while the least upper
bound of every chain K in D is ∪K. This proves that (D, ⊆) is a complete partial order. We next
show that ·+ is monotonic, that is, that given any two IS S1 and S2 with the same taxonomy
(T, K) and interpretations I1 , I2 ∈ D, respectively, I1 ⊆ I2 implies I1+ ⊆ I2+ . Let (t, o) ∈ I1+ . We
must prove that (t, o) ∈ I2+ . There are two cases. (1) (t, o) ∈ I1 . By the hypothesis, (t, o) ∈ I2
and by definition of I2+ , (t, o) ∈ I2+ . (2) (t, o) 6∈ I1 . If (t, o) ∈ I2 then again by definition of I2+ ,
(t, o) ∈ I2+ . So, let us assume (t, o) 6∈ I2 . Then, t ∈ abindS1 (o) and therefore µ(t) ∪ K |= indS1 (o).
By hypothesis, indS1 (o) ⊆ indS2 (o), hence µ(t) ∪ K |= indS2 (o), and therefore µ(t) is a solution of
the abduction problem AS2 (o). Now, from indS1 (o) ⊆ indS2 (o), it follows that NS1 (o) ⊆ NS2 (o),
and therefore the perturbation of any single-letter solution µ(a) in S1 , σ(a) \ NS1 (o), is going to
be larger than that in S2 , given by σ(a) \ NS1 (o). This implies that µ(t) has minimal perturbation
in S2 too. So, t ∈ abindS2 (o). If t has been selected by the function ρ to be in I1+ , it will also be
selected by the same function to be in I2+ , hence (t, o) ∈ I2+ and the monotonicity of ·+ is proved.
Its continuity follows from monotonicity the fact that in the considered complete partial order
all chains are finite, hence the class of monotonic functions coincides with the class of continuous
functions (see, e.g. [7]).
2
As a corollary of the previous Proposition and of the Knaster-Tarski fixed point theorem, we
have that the function ·+ has a least fixed point that is the least upper bound of the chain
{I, I + , (I + )+ , . . .}. As already remarked, all chains are finite, so the fixed point will be reached
after a finite number of iterations. According to Proposition 4, for each object o, the terms added
at each iteration are amongst those in T \ NS (o). It follows that the fixed point is reached when, for
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Figure 6: Extending the information source P
each object o, NS (o) = T. This guarantees that the extension process always covers the entire terminology, if pushed to its extreme consequences. Moreover, the same Proposition allows to derive
an upper bound on the number of iterations required to reach the fixed point. In fact, assuming
that at each iteration abindS (o) consists only of one term, in at most
max{ |T \ NS (o)| | o ∈ Obj}
iterations the fixed point is reached.
Example 7: Let us consider the IS S e = P shown in Figure 2 and the problem AP (1). The new
graph G1O is shown, framed, in the lefthand side of Figure 6. This graph has two terminal sets
{a, b} and {e, f}, both minimal. It follows that abindP (1) = {a, b, e, f}. The function ρ, applied to
this set, excludes one element of each cycle, so to obtain, for instance, ρ(abindP (1)) = {a, e}. The
abduced interpretation of P, following Definition 8, is then given by:
{(c, 1), (x, 1), (g, 1), (w, 1)} t {(a, 1), (e, 1)}
The pair (a, 1) “rules out” the pair (w, 1), while (e, 1) rules out (g, 1). The abduced index is therefore:
{(c, 1), (x, 1), (e, 1), (a, 1)}.
Let Q be the IS so obtained. If we further solve the problem AQ (1), the new graph G1O consists just
of the vertex d, and the only minimal terminal set is {d}, which is also abindQ (1). The abduced
index of Q is given by:
{(c, 1), (x, 1), (e, 1), (a, 1)} t {(d, 1)} = {(c, 1), (d, 1), (a, 1)}.
Qe is shown in Figure 7. At this point, NQe (1) = T, so the interpretation of Qe is a fixed point
and no further extension is possible.
2

5

Special Information Sources

We conclude this study by applying the ideas developed so far to two special classes of ISs, corresponding to two special structures of the taxonomy. The first class consists of the ISs whose term
graphs are directed acyclic graphs (DAGs) with a maximal element >. We call these ISs “hierarchical”. Indeed, hierarchical taxonomies are common in object-oriented models, where subsumption
is a partial ordering relation amongst classes and maximal elements are introduced in order to tie
classes up, thus making each class reachable from the top. It will be shown that the evaluation of
queries on extended hierarchical ISs is a much simpler problem than the general one, studied in the
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Figure 7: Extending the information source Q
previous part of the paper. The second class includes a special case of the first, that is term graphs
that are rooted trees. This kind of taxonomies are common in catalogs, directories and information
retrieval systems on the Web, and, as expected, they make query evaluation on extended ISs even
simpler.
The following Proposition addresses query evaluation on extended hierarchical ISs.
Proposition 9: Let a hierarchical information source (HIS) be an IS whose term graph is a DAG
with a greatest element >. Then, for all HISs S and terms t ∈ T, t 6= >,
ans(t, S e ) = ∩ {αS (u) | t → u ∈ K}.
Proof: From Proposition 7, a term t ∈ abindS (o) iff t is a minterm in the subgraph GoO . Since
the term graph GoO of a HIS is a DAG, GoO is a DAG too, hence its terminal sets, according to
Definition 10, are those singletons {u} such that u is a term with no outgoing edges. Each such
terminal set is obviously minimal, being a singleton. Thus, an object o ∈ β(t) iff t has no outgoing
edges in GoO . There may be two cases. (1) NS (o) = ∅. In this case GO = GoO , and > is the only
minterm. Thus t = > and the Proposition holds vacuously. (2) NS (o) 6= ∅. In this case, since > is
the greatest element of the taxonomy, > ∈ NS (o), so t 6= >. Then, t is a minterm iff all immediate
successors of t in GO are in NS (o), but t is not. In this way, when NS (o) is “erased” from GO to
produce GoO , t is left with no outgoing edges. It follows that:
β(t) = {o ∈ Obj | t 6∈ NS (o), and t → u ∈ K implies u ∈ NS (o)}
= {o ∈ Obj | CS (o) 6|= t, and t → u ∈ K implies CS (o) |= u}
^

= ans(

{u | t → u ∈ K} ∧ ¬t, S)

= ∩ {αS (u) | t → u ∈ K} \ αS (t)
From Proposition 3, ans(t, S e ) = αS (t) ∪ β(t), therefore αS (t) ∪ (∩ {αS (u) | t → u ∈ K} \ αS (t))
and the Proposition follows.
2
The last Proposition establishes that an object o is in the result of query t against the EIS S e just
in case it is an instance of all the immediate generalizations of t in S. Indeed, if o were an instance
of t, it would, as a consequence, be an instance of all t’s generalizations, thus the explanation of
the current index offered by the system is the most reasonable one can conceive. As a result, the
behavior of the query mechanism turns out to be compliant with intuition. Notice that asking the
query > on the extended IS, a case not dealt with by the last Proposition, does not make much
sense, since already ans(>, S) = Obj.
Example 8: Let us consider the HIS S shown in Figure 8, where, as usual, boldface is used to
indicate the index of the only object, 1, of the IS. The problem AS (1) has two minimal solutions,
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given by µ(Reflex) and µ(MovingPictureCams). Indeed, Reflex and MovingPictureCams are the
minterms of the graph G1O , which includes only the term UnderwaterMovingCams, beside these.
Thus, object 1 should be returned in response to the query Reflex on S e , and in fact:
ans(Reflex, S e ) = ∩ {αS (u) | Reflex → u ∈ K} = αS (StillCams)
= I(StillCams) ∪ I(Miniatures) ∪ I(Reflex) = {1}
Letting P stand for S e and considering AP (1), the only minterm is now UnderwaterMovingCams),
thus 1 should be included in the answer to the query UnderwaterMovingCams on P e . Indeed:
ans(UnderwaterMovingCams, P e ) = ∩ {αP (u) | UnderwaterMovingCams → u ∈ K}
= αP (MovingPictureCams) ∩ αP (UnderwaterDevices = {1}
since 1 is an instance of MovingPictureCams in S and has become an instance of UnderwaterDevices
in P.
2
From a complexity point of view, the Proposition permits to compute an upper bound on the
evaluation of queries on an extended HIS.
Proposition 10: αS e (t), where S is a HIS, can be computed in O(|T |2 · |Obj| · log |Obj|) time.
Proof: The query evaluation procedure derived from the last Proposition consists of 3 steps: (a)
to compute each immediate successors u of t in the term graph; (b) to evaluate the query u
on the HIS; (c) to take the intersection of the results. In order to derive the worst case, let x
be the number of terms that are immediate successors of t, and y the terms that are reachable
backward from each immediate successor of t. In the worst case, y = |T | − x. Using the result
established in Proposition 2 for the complexity of step (b), the cost function has a maximum for
|T |−1
x = |T |−1
time; step (b) O(|T |2 · |Obj| · log |Obj|); step (c)
2 . Using this value, step (a) requires
2
O(|T | · |Obj| · log |Obj|). The cost of step (b) is clearly the largest of the three, so the Proposition
follows.
2
Table III summarizes the complexity results obtained for query evaluation on the classes of IS
examined in this study. The last result indicates that the evaluation of queries on extended HISs is
worse than that on ISs by a factor proportional to the size of the terminology. This is a significant
improvement over the general case, where the factor is proportional to the size of the domain
(Proposition 5). This difference reflects the fact that in the general case, αS e (t) must be computed
in an object-based (or class-based) fashion, i.e. by considering one object (class) at a time, while
the evaluation of αS e (t) on a HIS proceeds in a term-based fashion, i.e. by considering the terms
that are immediate successors of t in the term graph. This also simplifies the implementation, as
it avoids to compute and keep track of classes.
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IS type
Simple
Extended
Extended Hierarchical
Extended Tree

Complexity
O(|T | · |Obj| · log |Obj|)
O(|T | · |Obj|2 · log |Obj|)
O(|T |2 · |Obj| · log |Obj|)
O(|T | · |Obj| · log |Obj|)

Table III: Summary of complexity results for query evaluation
We now proceed to address the second special class of IS.
Proposition 11: Let a tree information source (TIS) be an IS whose term graph is a rooted tree
with root >. Then, for all TISs S and terms t ∈ T, t 6= >,
ans(t, S e ) = {αS (u) | t → u ∈ K}.
Proof: A TIS is a HIS in which every term different from > has exactly one immediate successor
in the term graph.
2
The complexity of query evaluation on extended TISs is clearly the same as that on ISs.

6

Ranked answers

At the beginning of Section 3 a number of scenarios have been introduced in order to motivate the
following abduction-based IS extension. In this Section and in the next, we further elaborate on
the possible usage of the IS extension mechanism.
The abduction framework described can be also exploited for obtaining ordered answers. In order
to illustrate how, let us use a superscript to indicate the iteration at which an IS is generated, that
is, S = S 0 , S e = S 1 , (S e )e = S 2 and so on. Moreover, let N be the iteration at which the fixed
point is reached, i.e. S N −1 ⊂ S N = S N +1 = S N +2 = . . . . The set of objects that the user will get
in response to a query ϕ on the extensions of the IS S, is given by:
answerS (ϕ) =

N
[

αS i (ϕ)

i=0

We can give all of these objects to the user as a response to the query ϕ on S, ordered according
to the iteration at which each object would start appearing in the answer. In particular, we can
define the rank of an object o ∈ answerS (ϕ), denoted by rankS (o, ϕ), as follows:
rankS (o, ϕ) = min{ k | o ∈ αS k (ϕ)}
The answer that will be returned by ϕ on S, the ranked answer, is an ordering of sets, i.e. the
ordering:
rans(ϕ, S) = h{o | rankS (o, ϕ) = 1}, {o | rankS (o, ϕ) = 2}, ..., {o | rankS (o, ϕ) = N }i
For example, consider the hierarchical IS presented in Figure 9, where the extension of each term is
shown on the right of the term (i.e., I(MovingPictureCams) = {2, 3}). Let suppose that ϕ = UMC.
In this case we have:
αS 0 (UMC) = ∅
αS 1 (UMC) = {3}
αS 2 (UMC) = {1, 2, 3}
so the ranked answer to UMC is rans(UMC, S) = h{3}, {1, 2}i.
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7

Applications

The proposed approach can be applied on collections of manually indexed objects (e.g. Web
Catalogs), as well as on automatically indexed collections of texts (whose index is derived using
automatic classification methods). The only prerequisite is that the employed taxonomy should
admit of a semantic interpretation such as the one given in this paper. Specifically the proposed
operation can be applied to taxonomies whose relationships can be seen as conditionals. Taxonomies
that fall to this category include:
– Taxonomies which conceptualize the domain as a denumerable set of objects, and consist of
terms that denote sets of objects and relationships that denote extensional subsumption1 .
The subject hierarchies of Web catalogs fit in this case.
– Taxonomies which consist of terms that denote geographical areas structured by a spatial
inclusion relation (e.g. Crete → Greece).
– Taxonomies (for products, living species, fields of knowledge) in which the terms correspond
to categories structured by a subclass relation (e.g. Canaries → Birds). For example many
existing thesauri fit in this case.
It can also be applied on secondary (i.e. mediator) taxonomy-based sources [21] for alleviating not
only the uncertainty that originates from primary sources, but also the uncertainty and inexactness
of the mediator mappings.
Also notice that by restricting the set of solutions A in Definition 5 we can limit the scope of the
extension operation to the parts of the index that we want to relax. This restriction can be applied
on taxonomies designed according to a faceted approach [18, 17] in order to relax the index with
respect to the desired facet(s).
Another interesting remark is that the proposed operation can be applied not only to manually
constructed taxonomies but also to taxonomies derived automatically on the basis of an inference
service. For instance, it can be applied on sources indexed using taxonomies of compound terms
which are defined algebraically [20]. Furthermore it can be applied on concept lattices formed using
Description Logics (DL) [4]. Specifically, we can view a DL knowledge base Σ = (T Box, ABox)
as a source SΣ = (O, U ) where the taxonomy O = (T, K) and the structure U = (Obj, I) are as
follows:
– T consists of all concepts that appear in T Box and ABox;
1

In contrast to the intensional meaning of terms (i.e. see [11], [2]) and to intensional subsumption.
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– K contains a conditional C → D (C, D ∈ T ) iff Σ |= C v D, i.e. C subsumes D in the
knowledge base Σ;
– Obj is the set of individuals that appear in the concept assertions of ABox; and
– I is defined by the concept assertions of the ABox, namely (C, o) ∈ I iff C(o) ∈ Abox.
For example consider a query Q posed to the knowledge base Σ. Let SΣ∪Q be the source obtained
by adding the query Q to the source SΣ as defined earlier, i.e. by adding Q to T and placing Q in
its correct place (with respect to v) in K. The extension operator ·+ can then be applied to the
source SΣ∪q .

8

Conclusions

Indexing accuracy and consistency are difficult to maintain. It has been known for a long time
that there are large variations between the index terms assigned by different indexers, or by the
same indexer at different times [25]. Imposing a standard indexing language (like the terminology
of a taxonomy) tends to improve consistency, but it does not improve accuracy. The same holds
for the automatic classification methods which may at best produce approximations. To alleviate
this problem we have proposed a mechanism which allows liberating the index of a source in a
gradual manner. This mechanism is governed by the notion of explanation, logically captured by
abduction.
The proposed method can be implemented as an answer enlargement2 process where the user is
not required to give additional input, but from expressing his/her desire for more objects. The
introduced framework can be also applied for ranking the objects of an answer according to an
explanation-based measure of relevance. Recall that in statistics-based Information Retrieval the
notion of relevance is founded only experimentally; what relevance is, in other words, is defined
by the user from time to time and from experiment to experiment, and is then heavily dependent
on judgments where highly subjective and hardly reproducible factors are brought to bear. Our
approach can be used for ordering the objects of the answer according to a more well-founded
notion of relevance.
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