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Background
In the last decade, the improvements of wet-lab techniques is making available novel experimental data about biochemical reactions occurring in single
living cells. This information provides evidences that random events arising at
the molecular level play important roles in determining the overall behaviour
of biological organisms [2, 10]. As a consequence, new interest is rising towards
stochastic models of biochemical systems. In this context, the Continuous Time
Markov Chain (CTMC) is the most popular modeling approach and it is associated with the well-known Gillespie’s Chemical Master Equation (CME) [8, 1].
CTMCs are characterised by two properties: (i) The probability of transition
events (chemical reactions) towards the future states depend only on the current
state (Markov property); (ii) Transition probabilities are time-independent and,
thus, the process is time-invariant.
Importantly, the first property was proven to entail negative exponential distributions of the inter-event times or Waiting Times (WTs).
The aforementioned biological data show stochastic temporal dynamics which
significantly deviates from those expected according to a CTMC process. In particular, in many cases, the WTs elapsing between subsequent chemical reactions
are found to be distributed according to non-exponential distributions [6, 3–5],
leading to the loss of both the Markov property and time-invariance. Therefore,
modelling approaches grounding on CTMCs (and the CME) can result inadequate.
To address this issue, we propose an approach which grounds on the Renewal
Theory (see below). Through our proposal we aim at providing a sound framework which allows us to model correctly a wide range of biochemical systems.
We show the main features of our approach through a case-study represented by
the mRNA degradation process.

1

Renewal Processes

A renewal process consists in a sequence of events occurring randomly in time
and independently from each other. As a consequence, the WTs between two
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subsequent events are mutually independent. Renewal processes are being used
to describe the emergence of intermittency associated with “birth-death” events
of self-organized, coherent, long living structures [7].
In the present case-study, events are defined by the occurrence of a (bio)chemical
reaction and renewal processes represent the natural choice to take into account
non-exponential decay of WT distributions in the modeling of biological data
coming from single cell measurements.

2

A model for the mRNA degradation process

The mRNA degradation is a complex biochemical process occurring in the cell
which eventually leads to the complete hydrolysis of mRNA. The temporal behaviour of this process can be non trivial, due to the fact that it is carried out
by different enzymes operating in series. In [11] mRNA degradation has been
characterised experimentally in S. cerevisiae. In many cases, as noticed also in
[6], the time course observed in [11] follow a decay pattern that it is markedly
non exponential. Thus, the degradation rate turns out to be time-dependent as
well as the WTs between two subsequent degradation events. This scenario can
hardly be described through a CTMC [9].
For providing an accurate representation of the time course of the various
steps leading to mRNA degradation, we resort on renewal theory. Thus we describe mRNA degradation as a stochastic process with renewal events. In this
case study, we assume waiting times distributed according to a inverse powerlaw:
ψ(τ ) ∼ 1/τ µ
In particular, we study the range 1 < µ < 3. We show that our approach provides
an accurate description of the investigated system as a time-dependent stochastic
process.
This work aims at paving the way towards a novel general approach towards
the modeling of biochemical processes in general.
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